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Abstract 

In the present paper we develop the general theory of renormal- 
ization of some nonequilibrium diagram technique. This technique 
roughly is the Keldysh diagram technique. To develop our theory we 
have used the Bogoliubov — Parasiuk R - operation method. Our 
theory can be used for the studing of the divergences in kinetic equa- 
tions. 
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1 Introduction 

The main goal of this paper is to prove that for the general class of two- 
particle interaction there exist (in the sense of formal power series on cou- 
pling constant) the stationary translation invariant states on the algebra of 
canonical commutative relations which satisfy the weak cluster property and 
can not be described by the Gibbs formula. To solve this problem we use the 
i?-operation method [H |2l [3]. The methods of /^-operation for studying the 
large time behavior of quantum systems have been used in [4j. The philo- 
sophical consequences of our statement have been discussed in our first paper 
on this topic. This statement follows from the theorem — construction of 
the last section of this paper. 



2 The Algebra of Canonical Commutative 
Relations 

Let S'(R^) be a Schwatrz space of test functions (infinitely-differentiable func- 
tions decaying at infinity faster than any inverse polynomial with all its 
derivatives). The algebra of canonical commutative relations C is an uni- 
tal algebra generated by symbols a~^{f) and a(/) / G 'S'(R^) satisfying the 
following canonical commutative relations. 

a) a^{f) is a linear functional of /, 

b) a(/) is an antilinear functional of /, 




(1) 




(2) 



Let po be a Gauss state on C defined by the following correlator 



Po(a+(fc)a+(fc')) = po{a{k)a{k')) = 0, 
Po{a^{k)a{k')) = n{k)6{k-k'), 



(3) 



2 



where n{k) is a real- valued function from the Schwartz space. In the case 
then 



g-/3(a;(fc)-M) 

^(^) = 1 _ e-Pi.ik)-,) ^ (4) 
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where e R, /x < 0, po is called the Plank state. Here u){k) 

Let C be a space of linear functionals on C, and C\. i be a set of all states 
on C. Let us make the GNS construction corresponding to the algebra C and 
the Gauss state po- We obtain the set D,", )) consisting of the Hilbert 
space Ti, the dense linear subspacc D in Ti., the representation" of C by linear 
operators from D to D, and cyclic vector ) G -D, i.e. the vector such that 
C) — D. This set satisfy to the following condition: \/a & C (a) = po{a). 
Below we will omit the symbol", i.e. we will write a instead of a. 
Let us introduce the field operators: 

[2%) 2 J 

= -^-^ ! e-'^''a+{k)dk. (5) 
(27r)2 J 

We say that the state p on C satisfy to the weak cluster property if 
lim / {^^{t, xi + 5ieia)...'^^{t, Xn + 5neia))f{xi, Xn)d^xi...Sxn 

a— »oo J 

= j (^±(t,a;,J...^±(t,x,J)(^±(t,a;,J...^±(t,x,J) 

Xf{xi,...,Xn)d^Xi...d^Xn, (6) 

where 5i G {1,0}, i = l,2...n and 

ii<i2< ... < ik, 

ik+l < ik+2 < ••• < in, 

{ii,i2,...,tk} = {^ = l,2...n\6, = 0} ^ 
{ife+i, ik+2: ■.; in} = = 2...n\6i = 1} 7^ 0. (7) 

f{xi, Xn) is a test function, ei is an unite vector parallel to the x-axis. 
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Definition The vector of the form 

j v{pi, ...,pn)a^{pi)...a^{pn))(fpi...d^Pn, 

t;(pi,...,p„)e5(M3"). (8) 

is called a finite vector. The finite linear combination of the vectors of the 
form ([8]) is also called a finite vector. 

Let /(xi, Xk\yi, yi\vi, Vm\wi, Wn) be a function of the form 



f{xi, ■ 


■ ■,Xk\yi, . 


■■,yi\vi, ■ 


..,Vm\Wi, . 


..,Wn) 


g{xi, . 


■ ■,Xk\yi, ■ 


■■,yi\vu ■ 


..,Vm\Wi, . 


..,Wn) 



k m I n 

x5(^Xi + ^^/;,-^|//-^Vg), (9) 

i=l j=l f=l g=l 

where g is a function from Schwartz space. 
Consider the following functional on C 

/k I m n 

W dxi W dxj Yl dvf Yl dwg 
i=l j=l f=l 3=1 

X/(xi, ...,Xn\yi, ■■■,yi\Vi, ...,Vm\Wi, ...,Wn) 
, ^ 

xpo(: a[xx)...a[xn) {y\) . . .a^ {yi) : A : a[y^...a[v,n) a^{wi)...a^{wn) :)• (10) 
Here the symbol 

: {.^)~A~{. .) : (11) 

means that when one transform the previous expression to the normal form 
according to the Gauss property of po one must neglects by all correlators 
p(a^(xi)a^(a;„) such that a^(xi) and a^(a;„) booth do not came from A. 

Let C be a subspace in C spanned on the states just defined. 

Now let us introduce an useful method for the representation of the states 
just defined. 

Let C2 = C+®C_, where C+ and C+ are the algebras of canonical commuta- 
tive relations. The algebras C± are generated by the generators a±{k), a^{k) 
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respectively satisfying to the following relations: 



[aXik),aXik')] = [a+ik),a4k')] = Q, 
[at{k),at{k')] = [a_(A;), a_(A;')] = 0, 

[a+{k),aX{k')] = 5{k-k'), 

[a_(fc),a+(A;')] = 6{k-k'), 

[aX{k),a^{k)] = 0. (12) 

Here we put by definition := a±. Let us consider the following Gauss 
state Pq on C2 defined by its two-point correlator 

p'o{a^{k)a^{k')) = po{a^{k)a^{k')), 
p',iaXik)aXik')) = poia^ik')a^ik)), 

p',{aXik)aZik'))=p',ia-ik)atm = 0, 
Pg(a^(A;)al(A;')) = n{k)6{k — A;'), 

p[)(a+(A;)a+(A;')) = (1 + n{k))6{k - k'). (13) 

Let us make the GNS construction corresponding to the state pg and the 
algebra C2. We obtain the set {Ti', D,^, )) consisting of the Hilbert space H', 
the dense linear subspace D mTi', the representation 'of C2 by means linear 
operators from D to D, and the cyclic vector ) G D, i.e. the vector such that 
C) = D. This set satisfy the following condition: Wa E C (a) = po(a)- Below 
we will omit the symbol", i.e. we will write a instead of a. 

Now we can rewrite the functional, defined in (JTOi) p/ as follows 

Pf{A) = (A'Sf), (14) 

where A' is an element of C2 such that it contains only the operators a_ , al 
and can be represented from the same way as A can be represented 

from a, a"*". Sf is an element of C2 of the form 

/k I m n 

Y\ Y\ dxj Y\ dv f Y\ dwg 
*=i i=i /=i 9=1 

X/(X1, ...,Xn\yi, ■■■,yi\Vl, ...,Vm\Wi, ...,Wn) 

X : aXixi)...aX{xn)a+{yi)...a+{yi)a_{vi)...a_{vm)a1:iwi)...atiwn) : • (15) 
Here the symbol : ... : is a normal ordering with respect to the state pg. 
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Denote by D' the space dual to D. We just construct the injection from 
C into D'. Denote its image by H'. 

By definition the space C" is a space of all functionals on C which can be 
represented as finite linear combinations of the following states 

p(A) = (A' :%...%:). (16) 

Here A' is an element of C2 such that it contains only the operators a_ , al 

and can be represented from d J Qj cLS the same way as A can be represented 

from a, a"*" and Sf- are the elements of the form fllSI) . Denote by Ti" the 
subspace in D' spanned on the vectors : Sf^...Sf^ :). 

There exists an involution -k on H' defined by the following formula: 

/k I m n 

W dxi Y[ dxj Yl dvf Yl dwg 

*=i i=i /=i 9=1 
xf{xi, ...,Xn\yi, ■■■,yi\vi, ...,Vm\wi, ...,m„) 

X : aXixi) ...aX{xn)a+{yi) ...a+{yi)a-{vi) ...a-{vm)at{wi) ...atiwn) :)}* 

k I m n 

Y\ dxi YY dxj Y\ dvf Y\ dWg 

i=i j=i /=i 9=1 

X/*(X1, ...,Xn\yi, ■■■,yi\Vl, ...,Vm\Wi, ...,Wn) 

X : atixi)...at{xn)a^{yi)...a^{yi)a+{vi)...a+{vm)aX{wi)...al{wn) :)■ (17) 
We define the involution :*r on Hom(iJ', H') by the following equation: 

{a\f)y = a*{\f)r, (18) 

where a G Hom(^', H') and |/) G H'. 

We define also the involution * on by the following equation: 

/k I m n 

Y\ dxi dxj Y\ dvf dwg 

i=l i=l /=1 9=1 
Xf{xi, ...,Xn\yi, ...,yi\Vi, ...,Vm\Wi, ...,Wn) 

X : aX{xi)...aX{xn)a+{yi)...a+{yi)a-{vi)...a^{vm)at{wi)...a1:{wn) :}* 

k I m n 

Y\ dxi YY Y\ dvf YY dWg 

«=i j=i /=i 9=1 

Xf*{xi, ...,Xn\yi, ...,yi\Vi, ...,Vm\Wi, ...,Wn) 

X : at{xi)...atixn)a^{yi) ...a_{yi)a+{vi) ...a+{v^)aX{wi) ...aXiwn) :, (19) 
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where f{xi, ...,Xk\yi, ...,yi\vi, ...,Vm\wi, ■■■,'Wn) be a test function of its argu- 
ments. Note that the involution on ]iom{H', H') extends the involution on 
C^. We say that the element a G C2 is real if a* = a. The involution on H" 
can be defined by the similar way. 



3 The von Neumann Dynamics 

Suppose that our system described by the following Hamiltonian 

H^Ho + XV, (20) 

where 



Hq^ j (fk{uj{k) - n)a'^{k)a{k) and 

y = y d^Pid^P2d^qid^q2v{pi,P2\qi,q2) 
xS{pi +P2-qi- q2)a^{Pi)a^{P2)aiqi)a{q2). (21) 

Here the kernel v{pi,p2\qi, q2) belongs to the Schwartz space of test functions. 
To point out the fact that H is represented through the operators a"^, a~ we 
will write H[a^ , a"). 

The von Neumann dynamics takes place in the space H." and defined by 
the following differential equation: 

||/) = >C|/), (22) 
where the von Neumann operator has the form 

C = -iH{at,aZ) + iH\aX,a-), (23) 
where we put by definition: 

/n m 
YldpiY[dqjv{pi, ...,pn\qi, ...,qm) ■ a+(pi)...a+(p„)a(gi)...a(g„) :)^ 
i=i j=i 

/ n m 
Y[dpiY[dqjv{pi,...,Pn\qi,...,qmT ■ a+(pi)...a+(pn)a(q'i)...a(g„) : .(24) 
i=i i=i 



Let us divide the von Neumann operator into the free operator L and the 
interaction Lint-, = -^o + ^l^int-, where 



£o = -'iHQ{at, a_) + iHl{a\, a_^), 



Lint = -iHintiat, a_) + iHl^^{al, a+). (25) 



Note that the operators Lo and Li are real. 

Let us introduce kinetic evolution operator (in the interaction represen- 
tation) 

U{t",t') = e'''''"e''^'"''"^e^'r (26) 
After differentiating on t we find the differential equation for U{t, t'). 

jU{t,t') = LUt)U{t,t'), (27) 

where 

C^ntit) = e-^»*£,„ie^°*. (28) 

So the state )p under consideration in the interaction representation in the 
space li" has the form 

o 

)p = Texp( J Lint{t)dt)), (29) 

— oo 

where T is the time-ordering operator. 

4 Dynamics of Correlations 

Let us construct some new representation of dynamics useful for the renor- 
malization program. This representation is called the dynamics of correla- 
tions. The ideas of the dynamics of correlations belongs to I.R. Prigogin [5]. 
The dynamics of correlations take place in the space 

oo 

He := sym®"7i;'. (30) 
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Now let us describe how the operators £q and acts in the space Jic- 

Let us define the action of operators £q and C'l^^ which are corresponds 
to the operators Cq and Cmt- 

By definition aU the space ®"7Y' are invariant under the action of oper- 
ators >Cq. Note that the space Ti' is invariant under the action of operator 
Cq. Let us denote the restriction of Cq to the space Ti! by the symbol C'q. 
By definition the restriction of to the each subspace sym 0" 7Y' of V-c has 
the form 

£'0 (8) 1 (8) ... (8) 1 + 1 (g) £o (8) ... (g) 1 + ... + 1 (8) 1 (8) ... (8) (31) 

Now let us define Let |/) e Tic, belongs to the subspace ®'^'H' and has 
the form: 



l/)=E/l^)®-®/n), (32) 

where /j has the form 



1=0 



k I 



/tn I lit IL 

JI dxi Y\ dxj YldvfYl dwg 

i=l j=l f=l 5=1 

x/(xi,...,x„|yi, ...,yi\vi,...,Vm\wi, ...,«;„) 
X : aXixi)..MX{xn)a+{yi)...a+{yi)a--{vi)...a-{vrn)at{wi)...a1:{wn) : . (33) 
By definition, 

^nt\f) = (34) 
if / > n. Let us consider the following vector in Ti" 

m n 

E^n^o- (35) 

i=i j=i 

m n 

Let us transform the expression Cint : 11 /j ■ to the normal form. Let us 

1=1 j=i 

denote by hi the sum of all the terms in the previous expression such that 
precisely / operators /j couples with We find that hi) has the following 
form 

k 

hi) = Y.-- 9[-9l-i+i ■■) (36) 
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for some k. Here gl has the form of right hand side of 0331) . Now let us 
consider the following vector 



k 



\f)'i=symJ2--9l--)®-®--9n-i+.--), (37) 

1=1 

where we define symmetrization operator as follows 

sym(/i (g) ... (g) /„) 

nl ^ — ^ 

{Sn — the group of permutation of n elements.) Put by definition 

^ttlf) = \f)i- (39) 
Analogously, in the following expression 



m n 



An*5^:n/]^) (40) 

i=i j=i 

let us keep only the terms such that Cmt do not couples with any of /j. Let 
us write the sum of such terms as follows 

/ n+l 

E^n^^)- (41) 

i=i j=i 

Here /i*) has the form of right hand side of (133|) . Let \h) be a vector in 
sym(g)"+^7Y' defined as follows 

/ n+i 

\h) = SYmJ20--h):). (42) 

1=1 j=i 



Put by definition 



^■^t\f) = \h). (43) 



We have the evident linear map F : Tic Ti." which assigns to each vector 
sym : /i :) ® ...(g) : :) the vector : fi-.-fn '■)■ Denote by the evolution 
operator in interaction representation in the dynamics of correlation. The 
following relation holds: 

FoU\t\t") = U{t\t")oF. (44) 
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5 The correlations tree 



The useful representation of dynamics in Tic is a decomposition by so called 
the correlation's trees. 

Definition. A graph is a triple T — (V, R, /), where V, R are finite sets 
called the set of vertices and lines respectively and / is a map: 

h:R^ V^'^^ U y X {+} U X {-}, (45) 

where V^"^^ is a set of all disordered pairs {vi,V2), Vi,V2 EV,v\^ V2. 

If (t'i,f2) = /(r) for some r E R wc say that the vertices Vi and V2 are 
connected by a line r. If /(r) = {vi, V2), vi,V2 G V we say that the line r is 
internal. 

Remark. We use this non- usual definition of graphs only in purpose of 
this section to simplify our notations. 

Definition. The graph T is called connected if for two any vertices v,v' 
there exists a sequence of vertices v — vo,vi, ...,Vn — v' such that Vz = 
0, ...,n — 1 the vertices Vi and Vj+i are connected by some line. 

By definition we say that the line r is an internal line if /(r) = {vi,V2) 
for some vertices Vi and V2. 

For each graph T we define its connected components by the obvious way. 

Definition. We say that the graph F is a tree or an acychc graph if the 
number of its connected components increases after removing an arbitrary 
line. 

Definition. The elements of the set f^^{V x { — }) wc call the shoots. 
Put by definition = f~^{Vx{-}). The elements of the set f~^{Vx{+}) 
we call the roots. Put by definition Rroot = f~^{V x {+})• 

Definition. Directed tree is triple (T, ^sh), where T is a tree and 
and are the following maps: 

^,:V-^{1,2,..W}, 
<^sh:Rsh^{l,2,...JRsh}. (46) 

Definition. We will consider the following two directed trees (T, ^sh) 
and (T', $^^) as identical if we can identify the sets of lines R and R' of 
T and T' respectively and identify the sets of vertices V and V of T and T' 
respectively such that after these identification the trees T and T' become 
the same, the functions and become the same and the functions 
and become the same. 
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Denote by r(T) the number of roots of T and by s{T) the number of 
shoots of T. Below, we will denote each directed tree (T, $^,,$5/^) by the 
same symbol T as a tree omitting the referring to and write simply 

tree instead of the directed tree. 

We say that the connected directed tree T is right if there exists precisely 
one line from f~^{V x {+}). 

We say that the tree T is right if each its connected component is right. 

The vertex v of the tree T is called a root vertex if {v, +) G f^^{R). 

To point out the fact that some object A corresponds to a tree T we 
will often write At- For example we will write T — (Vr, Rt, fr) instead of 
T^{V,R,f). 

Definition. For each right tree T there exist an essential partial ordering 
on the set of its vertices. Let us describe it by induction on the number of its 
vertices. Suppose that we have defined this relation for all right trees such 
that the number of their vertices less or equal than n — 1. Let T be a right 
tree such that the number of its vertices is equal to n. Let Vmax be a root 
vertex of T. Put by definition that the vertex Vmax is a maximal vertex. Let 
Vi, ...,Vk be all its children i.e. the vertices connected with Vmax by lines. By 
definition each vertex Vi < Vmaxii = 1, A;. We can consider the vertices 
vi, Wfe as a root vertices of some directed trees Ti,i = 1, k. By definition 
the set of vertices of Tj consists of all vertices v which can be connected with 
Vi by some path v — v[, ....,v'i — Vi such that v^ax 7^ v'^ for all j = 1, ...,/. 
The incident relations on Tj are induced by incident relations on T. Put by 
definition that i,j = l,...,k, i ^ j and for aU two vertices v[ e Tj 

and V2 G Tj v[ iiv^- If v'^^v'^ G Tj for some Tj we put v'^ ^ in T if and only 
if v'-^ ^ v'2 in the sense of ordering on Tj. We put also v < Vmax for all vertex 
V 7^ Vmax- These relations are enough to define the partial ordering on T. 

Below without loss of generality we suppose that for each the tree of 
correlation T and its line r the pair {vi,V2) = f{r) satisfy to the inequality 

Vi > V2. 

Definition. The tree of correlations C is a triple C = (T, (/?, f), where T 
is a directed tree, r is a map from it! \ Rgh to R"^ := {x G M.\x > 0}: 

r ^ T{r), 

{T{r)UM = T{r), (47) 
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and is a map which assigns to each vertex v of T an element 



^(^;)eHom((S?)7i:',7i:') (48) 



of a space of hnear maps from H,' to H.' . 

1 — >v 

Here the symbol r — > v means that /(r) = (v, v') for some vertex v' , or 

/(r) = {v,+). 

In Ti,' the tensor product is over all lines r such that r ^ v. Let f be 

(i — >v) 

a vertex of the tree T. If /(r) = (v', for some vertex v' or /(r) = (w, +) we 
say that the line comes from the vertex v. If /(r) = (v, f') for some vertex 
v' or /(r) = (v, — ) we say that the line comes into the vertex v. 

Definition. Let (T, Lp, t) be a tree of correlations such that for each 
vertex v (p{v) — JC^^h where ly is a number of lines coming into v. We call 
this tree the von Neumann tree and denote it by Tf. We also say that (f is 
a von Neumann vertex function. 

Definition. To each tree of correlation (T, if, f) assign an element 

f/*,^(f)eHom(0?i',07Y') (49) 

-^sh Rroot 

by the following way: 

If T is disconnected then 

f/r,^(T)/l®...®/n 

= ®{UhT,c^{Cf) (g) /,}. (50) 

CT i£R,h{CT) 

Here the number of connected components of T is equal to n and connected 
components of T are denoted by CT. dp and Ct are the restrictions of ip 
and T to the sets of vertices and lines of CT respectively. Rsh{CT) is a set 
of shoots of CT. Now let T be a connected tree. To define 

Ut,^^^) ® fr (51) 

r&Rsh 

by induction its enough to consider the following two cases, 
case 1). The tree T has no shoots. 
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a) Suppose that the tree T has more than one vertex. Let be some 
minimal vertex of T and Vq be a vertex such that an unique hue Tq comes 
from Vmin into Vq. Let T' be a tree obtained from T by removing the vertex 
Vmin of T. Let t' be a restriction of f* to i? \ {ro}. Let be a function, 
defined on 1/ \ {f rm„} as follows: ^^'iv) = (f{v) if v 7^ vq and 

^'M (g) /r = V'K) (g) /ir-, (52) 

r— >tio; r^ro ' — ^vq 



where 



hr — fr if r ^ To, and 

/iro=e'^°"^'"°V(^^mm)- (53) 



Put by definition 



U^Jr)) = U^,^,{T')), (54) 
b) The tree T has only one vertex Vmin- Then 

t^T,^(T) = e-M^V(^'min). (55) 

Case 2.) The tree T has a shoot ro coming into the vertex vq. In this case 
instead the tree (T, cp, r) consider the tree (T', cp', -f), where the tree T' has 
the same vertices as T, the set of lines of T is obtained by removing the line 
ro from the set of lines of T', the function f' is a restriction of the function 
r to the set of lines of T and the function ip' is defined as follows: 

(p'{v) — (fi{v),ifv 7^ Vo and 
v'{vo) (g) hr = </?(fo) (g) gr, where 

Qr — hr, if r 7^ rg, and 

= e^°(*-*^)^. (56) 



Here we put 



i^ = ^V, (57) 



where the sum is over all lines r' which forms decreasing way coming from + 
to Vq. Put by definition 

Ul^{r)\f)---^U'T'A^')\f)^ (58) 
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where 

1/')= (g) (59) 

re{Rah)T' 

Let {T,ip,f) be some tree of correlations. We can identify the tensor 
product 

(g) K (60) 

r&Rsh 
sh{T) 

H' (61) 



with 



and the tensor product 



with 



K (62) 

reRroot 

r(T) 

(g)7Y/ (63) 

i=l 



Using these identifications consider an operator V^<^(t) : T-f^ ^ Hf^ defined 
by the following formula 

= sym o [/f ^ o P.^^t) , (64) 

sh{T) 

where Psh{T) is a projection of Tic to sym Ti' . 

Remark. If (T, (/?, r) is a von Neumann tree of correlations then we will 
shortly denote the operators U^j,^^ and V(Tip) by and respectively. 
The following theorem holds: 

Theorem. The following representation for the evolution operators holds 
holds (in the sense of formal power series on coupling constant A) . 



^'^(^''^") = E;^ / ^Tir)df. (65) 



Vre-Rsh t-tr>t" 

Here ut is a number of vertices of the directed tree T. 
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6 The general theory of renormahzation of 



U{t,-oo)) 

In the present section we by using the decomposition of correlation's dy- 
namics by trees describe the general structure of counterterms of U{t, — oo)), 
which subtract the divergences from U{t, — oo)). 

Let T be a tree. Let us give a definition of its right subtree. 

Definition. Let Vi, ...,Vnhe vertices of T such that j = 1, ...,n, i ^ j 
Vi Vj. Let us define subtree T^i,...,^„. The set of vertices Vr^^^ of T^j,...,^„ 
by definition consists of all vertices v such that v < Vi for some i — 1, ...,n. 

The set Rt of all lines of the tree T^, ^ consists of all lines r of Rt 
such that such that h{r) = {v",v') and v',v" ^ Vi for some i = 1, ...,n. The 
incident relations on Tt,j^...^„„ are induced by the incident relations of T except 
the following point: if the line r comes from the vertex v into fj, i = 1, ■■■,n 
we put /t^^^ v„}i^') = +)• t^is li^® r is a root and the vertex 

V is a root vertex of the tree Vrr , . The tree 21, „ is called a right 

{vi,...,vn} vl,...,Vn O 

subtree of T. 

The Bogoliubov — Parasiuk renormalization prescription. Let 

us define the following operator: 

Wr,{t)^ (g) Zr,r,{t). W 
reRroot{T) 

where by definition, 

Zr,ro{t) = 1> iir ^r,,, and 

Zr,r,{t)=e-^'>'. (67) 

We say that the amplitude A^^^ is time — translation invariant amplitude if 
for each tree T and for each its root fine ro 

Wr,{t)AT,^ = At,^. (68) 

For each set of amplitudes At,ip put by definition: 

At,^) = Fo At,^, (69) 
where T is an arbitrary tree without shoots. 
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The renormalization assign to each tree T without shoots the amphtudes 
^T,Lp satisfying to the following relations: 

a) If the tree T is not connected and {CT} is a set of its connected 
components, while {dp} is a set of its a restriction of (p to CT 



At,^ = Q^Act,c^ (70) 

in obvious notations. 

b) The amplitudes A^,,^ are real i.e. 

{AT,^r = At,^* (71) 

c) The amplitude At,(p satisfy to the property of time-translation invari- 
ance. 

It has been proven that 

U{t,-oc)) = J2- [ drum)- (72) 

In the last formula the summation is over all trees T without shoots. 
Let T be a tree without shoots and T' be a right subtree of T in the sense 
described before. Let us define the amplitude 

At,^^U^Jt). (73) 

Let T\T' by definition be a tree obtained by removing from the set Vt all 
the vertices of T' and from the set Rt all the internal lines of T'. In (1721) r 
is a map from Rt\t' into M"*". 

We can consider the amplitude U!p\rp, as a map 



H'^ H'. (74) 



By using this identification we simply put 

At'u^^UIJt) 



U't\t,Jt)At',^. (75) 
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Now let us define the renormalized amplitudes, by means the counterterms 
At by the following formula: 



(i?A[/)(t,-00) 

= E;r! ^ f^T^^umcir. (76) 

The renormalized amplitudes satisfy the following properties: 
Property 1. For each t e R 

{R^U){t, -oo)) 
= e-^°*(i?At/)(0,-oo)). (77) 

This property simply follows from the definition of {R\U){t, — oo)) and means 
that the state (R\U){t, — oo)) is a stationary state. 
Property 2. 



{RAU){t,-oo)) = t/(t,0)(i?At/)(0,-oo)). (78) 
This property follows from the following representation of {R\U){t, — oo)). 

{RAU){t, -oo)) = U{t, -oo)X), (79) 

where 

2^> = E^M, (80) 

T 

and the sum in the last formula is over all von Neumann trees without shoots. 
Property 2 means that the state {RAU){t, — oo)) satisfy to the von Neumann 
dynamics. 

Below we will prove that we can find the counterterms A^^ such that 
{R\U){t, — oo)) is finite. 

We will prove also that the counterterms {A^} satisfy to the following 

property. 

d) Let T be an arbitrary connected tree without shoots. Consider the 
following element of 7i': 

a:=J2Yl [ ^T'* U^T{r))dT. (81) 
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We can represent the element a as follows: 

oo „ 

a= ^ / Wm{xi, ...,Xk\yi, ...,yi\vi, ...,Vf\wi, ...,Wg) 

km fm Qm 

: ]^a:^(xi)rfxi]^a+(|/i)(iyi]^a_(t;i)(i^;i]^al(«;i)«iu'i : . (82) 

j=l i=l 1=1 1=1 

Let Wk,i,f,g{zi, ...,Zn) {n ^ km + Im + fm + gm) be a Fourier transform of 
Wk,i,f,g{xi, ...,Xk\yi, .■■,yi\vi, ...,Vf\wi, ...,Wg). Then 

J dzi, ...,dZnWk,ij,g{zi + s(l)eiO, ...,Zn + s{n)eia)f{zi, ...,Zn), (83) 

tends to zero faster than ever inverse polynomial on a as a —> +oo. Here s{i) 
are the numbers from {0, 1} and there exist numbers i, j — 1, ...,n such 
that s{i) — 0, s{j) — 1 for some i,j — 1, ...,n. f{zi, ...,Zn) is a test function. 
Ci is a unite vector parallel to the x-axis. 

Remark. The property d) implies the weak cluster property of the state 

(i?C/)(0,-oo)). (84) 



7 The Friedrichs diagrams 

Now let us start to give a constructive description of the counterterms At 
such that the amplitude R{U){t, —oo)) is finite, and the counterterms At 
satisfy the properties a) — d) from the previous section. 

At first we represent U^^{t), where T is some tree without shoots, as a 
sum over all so-called Friedrichs graphs $ concerned with T. 

Definition. A Friedrichs graph $t concerted with the directed tree T 
without shoots is a set {V,R,Or, f'^, f~,g), where F is a union of the set 
of vertices of T and the set {©}• Recall that there is a partial order on Vr- 
We define a partial order on the set V if we put & Vr (B > v. and 
/~ arc the maps f~^,f~ '■ — >■ V such that f~^{r) > f~{r). Or is a map 
R ^ {+) ~} called an orientation. ^ is a function which to each pair (v, r), 
V e Vt, r E R such that f^{r) — v or f~{r) — v assigns + or — . The 
graph (V^, i?, Or, /+, f~,g) must satisfy to the property: if we consider ® as 
a vertex, the obtained graph is connected. 
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If f~^{r) — V we will write r v, and if f~{r) — v we will write r ^ v. 

If we want to point out that the object B concerned with the graph $ we 
will write 5$. For example we will write V$ and for the sets of vertices 
and lines of $ respectively. 

At the picture we will represent the elements of V by points and the 
element ® by ®. We will represent the elements of R by lines. The line 
r connects the vertices f^{r) and f^{r) at the picture. We will represent 
orientation Or{r) by arrow on r. If Or{r) = + the arrow oriented from f^{r) 
to f^{r). If Or{r) = — the arrow oriented from f~^{r) to f^{r). To represent 
the map g : (r, v) — > {+, — } we will draw the symbol g{{r, v)) (+ or — ) near 
each shoot (r, v). At the picture a shoot (r, v) is a small segment of the hue 
r near v. 

Definition. The Friedrichs diagram F is a set (T, /i), where T is a 
tree, $ is a Friedrichs graph, Lp is a. map which assign to each vertex v of T 
a function of momenta {pr\r G R^} of the form 

Si j=l 

where i/jy is a test function of momenta coming into (from) the vertex v. 
{Sij^Zi is a decomposition of the set of shoots of v into Uy disjunctive 
nonempty sets Si, pj, ...,pf are momenta corresponding to the shoots from 
{Si}, /i is a function which assign to each pair v & V, r & R such that 
/"•"(r) > > /_(r) a real positive number h{v,r). 

It will be clear that it is enough to consider only the diagrams F such 
that for each its vertex v and set Si e {^j}"^! there exists a line r such that 
(r,/-(r))e5.. 

To each Friedrichs diagram F = (T, (^) assign an element of 7i^' of the 
form 

^(T,*,¥')('^) 

= J ...dp,,t-U^{-Pr..,-) (86) 

X ■■ -atiPr.J... :). (87) 

Here Pre^t momenta of external lines, i.e. such lines r that /"^(r) = ®. 
We chose the lower index of a^(pr^^J by the following rule. Let v he & vertex 
such that f~{rext) — v. If g{{r,v)) = + we chose + as a lower index, and 
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if g{{r,v)) = — we chose — as a lower index. We chose the upper index of 
'^±iPrext) by the following rule. If the lower index of a±(prv^t) is {-} then the 
upper index is equal + if the corresponding line comes from the vertex v and 
this index is equal — if the corresponding line comes into the vertex v. If 
the lower index of a^(pr^^J is {+} then the upper index is equal — if the 
corresponding line comes from the vertex v and this index is equal + if the 
corresponding line comes into the vertex v. 

Now let us describe the amplitude U^{...pext---)- By definition we have 

C/°(f)(...pe.t...) 



X 



reRr 



l[G{Or{r),g{r{r)),g{f-{rmp). (88) 

r£R 

Let us describe the elements of this formula. Rr is a set of all lines of 
diagram F. Symbol r ^ v denotes that the line r comes into (from) the 
vertex v. In the expression 

ij,{...Pr^,...)6iJ2±Pr) (89) 

we take the upper sign + if the line r comes into the vertex v and we take lower 
sign — in the opposite case. The symbol Rt denotes the set of lines of the tree 
T from the triple {T, (p) and symbol rr means the line from Rt. The sym- 
bol Vr denotes the set of all vertices v such that f~^{r) > v > f~{r). The sym- 
bol {RT)r denotes the set of all lines of Rt such that the increasing path 
coming from /~(r) into /^(r) contains tt- G{Or{r), g{f^{r)), g{f~{r))){p) 
is a factor defined as follows 

G{0r{r),g{f+{r)),g{f-{rmp)6{p - p') 

— r! ( n'^9n{-Or{r)g{{rJ+{r))) , sgn{Or{r)g{{rJ- {r))) , i^^ /Qp,x 

- P^^^9{irJ+{r))) yP)^%{{r,f-{r))) \P))- l^^J 

Below we will simply write Gr{p) instead of G(Or(r), ^(/+(r)), g'(/~(r)))(p). 

It is evident that we can represent U^{t) as a sum over some Priedrichs 
diagrams F corresponding to the tree T of the quantities U^is). 
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Now let us define the quotient diagrams. 

Definition. Let F = (T, $, (/?, h) be a Fricdriciis diagram and A C i?T be 
a subset of tlie set Rt of lines of T and r be a map from Rt into M+. 

We define the quotient diagram Tat '■= {Ta, ^a, ^At, hA) by the following 
way. To obtain the tree Ta we must tighten all lines from A into the point. 
To obtain $^ we must remove all loops obtained by tightening all lines from 
A into the point. 

Now let us define lpat- Joint all the vertices of T to A. Wc obtain a tree 
denoted by ^T. Let {C'^T} be a set of all connected components of ^T. Let 
vq be a vertex of ^a corresponding to the connected component C^T of ^T. 
Put by definition: 

'^T{--Prt^v-)AT 

= / n ri'^^^-^^^^''-) 

iOr{r)pU E rr^+ E h{v,r)) 

X Jl e '^^(^t)'- "^^'^ . (91) 

Let us point out that is that in the previous formula. Rin is a set off all 
lines of $^ such that f~^{r) and f~{r) are the vertices of C^T. {Rt)j- denotes 
the set of all lines of Rt such that the increasing path coming from (r) 
into f^{r) contains r-p. The symbol denotes the set of all vertices v such 
that /+(r) >v> f'{r). hA{vo,r) = Yl h{v,r) + Yl ^tt- 

'veV^-,Aj, r-reA; rTe{RT)r 

Definition. Let F be a Friedrichs diagram. Let jFp be a space of all 
functions of external momenta of the diagram F of the form: 

1p{...Pext...), (92) 

where i(j{...pext-- ) is a test function of external momenta. 

The convolution of the amplitude Ar(T)(...pea;t---) with the function / e 
J^r we denote by Ar{T)[f]. 
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8 The Bogoliubov — Parasiuk renormaliza- 



tion prescriptions 

Let for each Friedrichs diagram T = (T, $, AY{T){...pext---) be some am- 
plitude. Fix some diagram F and let T' be some right subtree of the tree T 
corresponding to F. Let Tt' be a restriction of the diagram F on T' in obvious 
sense. Define the amplitude A^^, -k Ur{.-.Pext---) by the following formula: 

Ar^, -kUvi-Pext-) 

iOr(r)pl{ E rr^+ E h{v,r)) 

\{{e -^'"-^^ }\[^.{...Pr^....) 

reR' vev 

xAr^,{:.p...). (93) 

In this formula V' is a set of all vertices v such that v is not a vertex of Vt', 
R' is a set of all lines r of <l>r such that f^{r) is not a vertex of T' . 
is a set of all lines tt of T such that tt is not a line of T' and there exists 
an increasing path on T coming from /~(r) into f^{r) such that this path 
contains tt- is a set of all vertices of T such that v is not a vertex of T" 
and f~^{r) > v > f~{r). 

Let Ar{T){p) be some amplitude. Put by definition: 

1 1 " 1 
Ar{si, Sn){p) :- ^r(-, -){p) H (94) 

where n is a number of lines of Tr. Below we will consider the amplitudes 
Ar(s)[/] as distributions on (R"'")" i.e. as an element of the space of tempered 
distributions 5'((M+)"). Let tp{s) be a test function from 5((M+)"). The 
convolution of the amplitude v4r(s)[/] and the function iIj{s) we denote by: 

:= J dsArimm- (95) 

The Bogoliubov — Parasiuk prescriptions. It will be clear below, 
that we can take into account only the diagrams F such that for each line ry of 
the corresponding tree of correlations T jRrj. > 3. Here Rt is a set of all lines 
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r of r such that the increasing path on T which connects /~(r) and /"^(r) 
contain r^. Other diagram can be simply subtracted by the counterterms 
At- Below we will consider only such diagrams. 

According to the Bogoliubov — Parasiuk prescriptions we must to each 
diagram F assign the counterterm amplitude C'r («)[/] / £ satisfying the 
following properties. 

a) (Locality.) C'r(s)[/] is a finite linear combination of 5 functions cen- 
tered at zero and their derivatives. 

b) Let r be a Friedrichs diagram and T be a corresponding tree of corre- 
lations. Let Ac Rrp and T' is some right subtree of T such that: 

1) all lines of T such that tt is not a line of Rt' belongs to A, 

2) All the root hues of T' do not belongs to A. 
Then 

Cr,Am-iCr'^„*Ur)im, (96) 
where A' := An {Rt') and F' is a restriction of F on T'. 

$CAcRtj. 

where r = (ti, r„) = ( j^, j-), the symbol C means the strong inclusion 
and T is some subtract operator. 

d) The amplitudes C'r («)[/] satisfy to the property of time-translation 
invariance, i.e. 

e^^(i^oo,^r''^^^^'^'cr{n,...,Tn)[f] = Cr{n + t,...,Tn)[f]. (98) 

e) Let F be a Friedrichs diagram. Let 

Rrm]---Urm]+ E C^r,,(5)[/], and 
The amplitudes Rr{s) is well defined distribution on (R+)". 
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f) The amplitudes Rr{s) satisfy to the weak cluster property. This prop- 
erty means the following. Let f{---Pext---) be a test function. Then 

/ia J2 Pr 
dpRr{s){...pe:ct:.)f{-Pext-)e ^0, (100) 

as a — > oo. Here pi is a projection of pr to the x-axis. Note that the weak 
cluster property admit to prove the Gibbs formula if the system has not first 
integrals except momenta and energy by the usual way. 
For each diagram F put by definition: 

Ar(r)= J2 Cr,„ (101) 

ACRt^ 

where ' in the sum means that all the root hues of 7r do not belong to A. 
Put 

^T^Yl J dTAriT){-Pext.:)-ai{Pext)-), (102) 

where the symbol F ~ T means that the sum is over all diagrams correspond- 
ing to T with suitable combinatoric factors. Suppose that the properties a) 
— f ) are satisfied. Then are the counterterms needed in the section . 

Theorem — Construction. It is possible to find such a subtract op- 
erator T such that there exists counterterms Cr satisfying to the properties 
a) - f). 

Note that we can use not real counterterms. Indeed the evolution operator 
is real, so after renormalization we can simply take Re U{t, — oo)). 
Before we prove our theorem let us prove the following 
Lemma. Let Li = 5(R*^), L2 = /((M+)"), k,n = 1,2,.... Let A{p) be 
some quadratic form on M*^. Let T^^, ^ > be a one-parameter semigroup 
acting in Li as follows: 

T/:/(...p...)^e^^(^)*/(...;>...)- (103) 

Let t > be some infinitely differentiable semigroup of continuous 
operators in L2. 

Let M be a subspace of finite codimension in L2. Suppose that M is 
invariant under the action of T^, i.e. \/t > T^M C M. 
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Suppose that there exist the hnear independent vectors /i, .../; in L2 such 
that 



Lin{{A,...,/z},M} = L„ 

MnLin{A,...,/,} = o. (104) 

and for each i = 1, t > 

T^f^ = h + + - + ai/i + /, (105) 

for some coefficients aj_i, ai and the element / G M. 

Let (7 be a functional on Li ® M such that g is continuous with respect to 
the topology on 5(M^) x 5((M+)'^). Suppose that V/ G Li M and Vt > 
{g, TJ) = {g, f) where Z = ® 

Then there exists an continuous extension g of g on S{M.^) x S'((]R+)") 
such that V/ e Li (g) L2 and t > {g, Ttf) = {g, /). 

By definition we say that the functional /i on Li ® L2 is invariant if Vt > 
andV/GLi®L2 {h,TJ) = (hj). 

Proof of the lemma. At first we extend our functional g to the invariant 
functional ^ on Li ® L2 and then we prove that g is continuous. 

Let be a subspace of Li of all functions of the form, A{p)f{p), where 
f{p) is a test function. Let Mi = Lin{M U {/J}. Let 

h := {jT,%,=oh. (106) 
Let /c be a continuous functional on defined as follows: 

{k,ipip)Aip)) = -{g,ip{p)®h). (107) 

Let k be an arbitrary continuous extension of k on whole Li. The existence 
of such continuation follows from Malgrange's preparation theorem [B]. Now 
we define the continuous functional gi on Li ® Mi as follows: 

gilii^M = s'Ui^M, 

(^i,/®/i) = (^,/), V/GLi. (108) 

According to (11071) we find that gi is an invariant extension of g on 
Li Ml. By the same method step by step we can extend the func- 
tional g to the functionals g2, ....gi on Li Mi,...,L; (g) M; respectively, 
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where = Lin{MU{A, /.}},. = Lin{MU{A, /,}} respectively. 
Just constructed functional is separately continuous so it is continuous. The 
lemma is proved. 

Sketch of the proof of the theorem. We will prove the theorem by 
induction on the number of lines of the tree of correlation Tp corresponding 
to the diagram V. 

The base of induction is evident. Suppose that the theorem is proved 
for all diagrams of order < n. (Order is a number of lines of the tree of 
correlation.) 

Let us give some definitions. Let ^{t) be a smooth function on [0,+oo) 
such that < ^(t) < 1, ^(t) = 1 in some small neighborhood of zero and 
^(t) = if t > ^. Let us define a decomposition of unite {riA{s)\A C 
(1, n}} by the formula 

riA{^ = Y[i{s.)Y[{^-i{s,))- (109) 

We identify the set of lines of the tree of correlation with {1, n} such that 

the root vertex is a vertex corresponds to 1. Let V'(^) be some test function 

on real hue such that '4>{t) > 0, J '^{t)dt — 1 and il){t) = if \t\ > j^. Put by 
definition: 

h{x) - JV'(^). (110) 

We have 

j d\5x{x-\) = I. (Ill) 



Let 5^((M+)"), N = 1,2,..., be a subspace of 5((R+)") of all functions / 
such that / has a zero at zero of order > N . 
We have: 

+ 00 

= J dXX^-' J dsRr,,M{i,...n}\A) 

Ac{l, .■■,"} (K+)» 

Si{l - \s\)^{Xs)rjA{^. (112) 
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The inner integral in flll2p converges according to the inductive assump- 
tion. Therefore if "^{s) G S'Ar((M^)"') and is enough large the integral at 
the right hand side of (11121) converges. So 

(^r(5l[/],*(5l) (113) 

define a separately continuous functional on S'(M'^-^) (8> S'Ar((R+)"). f = I — 1, 
where / is a number of external lines of F. To define a subtract operator T we 
must to extend the functional {Rr{s)[f],^{s)) to the space ^(R^-^) ® 5((M)") 
such that extended functional will satisfy to time-translation invariant prop- 
erty. To obtain this extension we use the lemma. In our case Li = 
L2 = 5'((]R^)"'), A{p) = ^ Or{r)p1. is an operator adjoint to the 

following operator T"^* in the iS'((M+)"). 

Tt*f{si, s„) = /( , '^^ ■ S2, s„) ifs, < ^, 
1 — Sil t 

T^*f{su...,sn) = 0, ifs, >^. (114) 

The basis {/i,.../;} from the lemma is {s™\...s^"77{i,,,,,ri}(s)}, mi,...mn = 
1,2,3..., mi + 1712 + ••• + T^n < N lexicographically ordered. Now we can 
directly apply our lemma. 

Now let us prove the weak cluster property. Let p G R^. Denote by 
pi^ p2^ p3 ^YiQ projections of p to the x, y, 2;-axis respectively. To prove the 
weak cluster property it is enough to prove the following statement: for each 
connected diagram T the function (i^r(s)(...pext--- 

), ^(s)) such that 

5{Y,±Pext){Fr{s}{-Pe.t:.),^{s)) = {Rr{s}{-Pe.t:.),^{s)) (115) 

is a distribution on variables ...pl^^...pl^^... (constrained by momenta conser- 
vation low) which depends on ...p\^^... (constrained by momenta conservation 
low) by the differentiable way. We will prove this statement by induction on 
the number of lines of the corresponding correlation's tree. The base of induc- 
tion is evident. Suppose that the statement is proved for all the correlation's 
trees such that the number of its lines < n. Let F be a diagram such that 
the number of the lines of the corresponding correlation's tree is equal to 
n. It is evident that if '^{s) has a zero of enough large order at zero then 
{FY{s){...pext---),^{s)) belongs to the required class (its enough to use our 
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construction with decomposition of unite). Therefore we need to solve by 
induction the system of equations of the form: 

= {Fr{s){...p^^,...),jT^*^{s}). (116) 

According to Malgrange's [6] preparation theorem we can chose the 
solution (Fr(s)(...pexi---) such that it belongs to the required class if 
{Fr{s){...pext---), ■^T^*'if{s)) belongs to the required class. Therefore the 
statement is proved. So our theorem is proved. 



9 Conclusion 

In the present theory we have developed the general theory of the renormal- 
ization of nonequlibrium diagram technique. To study this problem we have 
used some ideas of the theory of /^-operation developed by N.N. Bogoliubov 
and O.S. Parasiuk. This paper is formally independent of the previous paper 
of this series. But the previous paper can be considered as an illustration of 
some technical aspects of our theory that have been omitted in the present 
paper which ends our series. 

Author is grateful to Yu. E. Lozovik and I.L. Kurbakov for very useful 
discussions. 
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